We review an algebraic method of finding the composite p-brane solutions for a generic Lagrangian, in arbitrary spacetime dimension, describing an interaction of a graviton, a dilaton and one or two antisymmetric tensors. We set the Fock-De Donder harmonic gauge for the metric and the "no-force" condition for the matter fields. Then equations for the antisymmetric field are reduced to the Laplace equation and the equation of motion for the dilaton and the Einstein equations for the metric are reduced to an algebraic equation. Solutions composed of n constituent p-branes with n independent harmonic functions are given. The form of the solutions demonstrates the harmonic functions superposition rule in diverse dimensions. Relations with known solutions in D = 10 and D = 11 dimensions are discussed.
Introduction
Recent remarkable developments in superstring theory led to the discovery that the five known superstring theories in ten dimensions are related by duality transformations and to the conjecture that M-theory underlying the superstring theories and 11 dimensional supergravity exists [1] - [6] . Duality requires the presence of extremal black holes in the superstring spectra. A derivation of the Bekenstein-Hawking formula for the entropy of certain extreme black holes was given by using the D-brane approach [7] - [9] .
In all these developments the study of p-brane solutions of the supergravity equations play an important role [10] - [22] . To clarify the general picture of p-brane solutions it seems useful to have solutions in arbitrary spacetime dimension.
In this talk results obtained in our recent works [23, 25, 29] will be presented. We use a systematic algebraic method of finding p-brane solutions in diverse dimensions. We start from an ansatz for a metric on a product manifold and use the Fock-De Donder harmonic gauge. It leads to a simple form for the Ricci tensor. Then we consider an ansatz for the matter fields and use the "no-force" condition. This leads to a simple form of the stress-energy tensor and moreover the equation for the antisymmetric fields are reduced to the Laplace equation. The Einstein equations for the metric and the equation of motion for the dilaton under these conditions are reduced thence to an algebraic equation for the parameters in the Lagrangian.
Ricci tensor in the Fock-De Donder gauge
Let us be given a D-dimensional manifold of the product form
We will use the following ansatz for a metric on M D :
Here η µν is a Minkowski metric, µ, ν = 0, ..., q − 1; m i = 1, ..., r i ; γ = 1, ..., s + 2,
and the functions A, F i and B depend only on x. The metric (1) is the sum of n + 2 blocks. We shall call it the n + 2-block p-brane metric. The Ricci tensor for the above metric reads
We shall use the Fock-De Donder gauge
For the metric (1) this leads to the following important condition
Then the Ricci tensor for the above metric takes the simple form
We shall consider the Einstein equations in the form
3 n + 2-block solution
In this section we shall consider the following action
It describes the interaction of the gravitation field g MN with the dilaton φ and with one antisymmetric field: F d+1 is a closed d + 1-differential form. The stress energy tensor for the action (10) is
In this section we shall consider an electric ansatz for the action (10) which leads to a n + 2-block metric. Let us take the ansatz (1) with r i = r > 1. Then (2) takes the form
We use the following ansatz for the
where
, C i are functions of x and h i are some constants. More general ansatz has been considered in [31, 30] . For the stress-energy tensor we get
We set the following ("no-force") condition
Then the form of T MN simplifies drastically and the Einstein equations (8) take the form
The equation of motion for the antisymmetric field,
under conditions (4) and (14) for the ansatz (13) reduces to the Laplace equation
Equation of motion for the dilaton reads
or by using (20)
We take the following solution of (22)
Analogously we take the following solutions of (15) and (16)
To cancel out the terms proportional to δ αβ in (17) we set
Note that if we want to solve equations for arbitrary harmonic functions H i = exp(−C i ) we have also to assume the conditions which follow from (14), (4) and nondiagonal part of (17) . Equations (14) lead to the relations
If n = 1 then under the assumption of independence of C i the relations (27) yield
[ α
If n = 1 we get only (29) . Since t and u are given by (18) the condition (28) leads to the following equation
Equation (30) plays the central role in our approach. For given parameters D, d and α in the Lagrangian (10) we have to find a positive integer q which solves equation (30) . In this sense we can interpret equation (30) as "quantization" of the parameter α in the Lagrangian (see also [23, 24] ). Note that under this condition the formula (18) takes the form
The LHS of (29) for t and u given by formulae (31) can be represented as rh 2 /2, and , therefore, equation (29) gives
By straitforward calculations one can check that for α, q, r and D satisfying relation (30) and h given by (32), equations (4) as well as equations giving a compensation of terms ∂ α C j ∂ β C i in the both sides of equation (17) are fulfilled. This calculation shows that the metric
and matter fields in the form
is a solution of the theory (10) if H i (x), i = 1, ...n, are harmonic functions and the parameters in the Lagrangian D, d and α are such that equations (12) and (30), i.e.
admit solutions with positive integers q, n, r and s + 2. Let us note that the formula (33) proves the harmonic superpositon rule for the ansatz (13) . Indeed, u and r can be written as
One can easily see that the exponents in the formula are defined by the two-block solution ( [14] )
Therefore, having the simplest two-block solution one can produce n-block solution. Let us note that this prescription works only for the case when the characteristic equation (30) is satisfied. The harmonic function rule was formulated in ( [17] ). for the case D = 10, D = 11. The formula (33) demonstrates that the harmonic superposition rule holds for arbitrary dimension.
Examples
For dimensions D = 4, 5, 6, 7, 8 and 9 there are solutions only with r = 0 and we have 2-block solutions with s = 0. In these cases, either the spacetime is asymptotically M q × Y , where Y is a two-dimensional conical space, or the metric exhibits logarithmic behaviour as |x| → ∞ [22] .
We
Here we have to assume that different branches with r = 1 correspond to different gauge field
..n (othewise we cannot guarantee the diagonal form of the stress-energy tensor). The solution iv) is identified with the Minkowski vacuum of the theory. The solution iii) separates the 6-dimensional space-time into two asymptotic regions like a domain wall [14] .
(38)
|x − x a | = (
a = x a the metric (37) has horizons at the points x a . The area (per unit of length in all p-brane directions) of the horizons x = x a is
This confirms an observation [13, 27] that extremal black holes have non vanishing event horizon in the presence of two or more charges (electric or magnetic). There are more solutions for several scalar fields [26, 27, 28] .
For D = 10 we have two solutions with s = 0. i) q = 8, r = 0, s = 0, n = 1; ii) q = 2, r = 2, s = 0, n = 3. There is also solution with q = 2, r = 2, s = 2, n = 2,
The area of this horizon is
2 is the area of the unit 3-dimension sphere. In this case the different components of the same gauge field act as fields corresponding to different charges.
For D = 11 we have the following solution with s > 0. i) q = 1, r = 2, s = 2, n = 3,
For H 3 = 1 this solution reproduces a solution found in [17] . We get non-zero area of the horizons
ii) q = 4, r = 2, s = 1, n = 2,
where H 1 and H 2 are given by (39). This solution has been recently found in [17] . The area of the horizon x a = x b is equal to zero.
α = 0
Let us present some examples of solution of equation (30) . For D = 10 we have q = 1, r = 3, α = ± √ 2, s = 1, n = 2 and the corresponding metric has the form
where H 1 and H 2 are given by (39). This solution corresponds to IIA supergravity. The area of the horizon x = x a = x b is equal to zero.
Three block solution
Let us consider the following action with two gauge fields
Here F q+1 is a closed q + 1-differential form and G d+1 is a closed d + 1-differential form.
There is the following solution [25] 
where η µν is a flat Minkowski metric, µ, ν = 0, ..., q − 1; m, n = 1, 2, ..., d − q, and
The parameters a i and b i in the solution (48) are rational functions of the parameters in the action (47):
The solution (48) is valid only if the following relation between parameters in the action is satisfied
There are two arbitrary harmonic functions H 1 and H 2 of variables x γ in (48),
Non-vanishing components of the differential form are given by
Here I = 0, ...d − 1, 123..,q = 1, 123...d = 1 and h and k are given by the formulae
The dilaton field is
We have obtained [25] the solution (48) by reducing the Einstein equations to the system of algebraic equations. To this end we have assumed the "no-force" condition, that is an analog of relations (14) . This condition gives a linear dependence between functions in the Ansatz (54), (55). To satisfy a nonlinear relation that follows from the Einstein equations we have to assume the relation (52).
Dual Action
Let us consider the following "dual" actioñ
where G s+1 is a closed s + 1-differential form. If s is related to d by
then the solution for the metric (48) with the differential form F (54) and the dilaton (58) is valid also for the action (59). An expression for the antisymmetric field G will be different, namely
here 123..d+2 = 1 and
Equations of motion for the case of one form corresponds to equation of motion for ansatz (7), (54) and (62) for the dual action (59) when α= β and q = s. This three-block p-branes solution for the Lagrangian with one differential form for various dimensions of the space-time was found in [23] . It contains previously known D=10 case [17, 8] .
Note that the metric (48) describes also the solution for the action with the form F q+1 replaced by its dual Fq +1 withq + q + 2 = D and α →α = −α. One can also change two forms F and G to their dual version without changing the metric (48).
Below we consider equations of motion for the action (47). The energy-momentum tensor is for the theory with the action (47) has the form
The equation of motion for the antisymmetric fields are
and one has the Bianchi identity
The equation of motion for the dilaton is
We shall solve equations (8), (64)-(68) by using the following Ansatz for the metric
where µ, ν = 0,...,q-1, η µν is a flat Minkowski metric, n=1, 2, ..., r and γ =1, ..., s + 2.
Here A, B and C are functions on x. Non-vanishing components of the differential forms are
where h and k are constants. (µν)-components of the energy-momentum tensor for this ansatz have the form
(nm)-components are:
and (αβ)-components :
where we use notations (∂A∂B) = ∂ α A∂ α B and
The equations of motion (65) for a part of components of the antisymmetric field are identically satisfied and for the other part they are reduced to a simple equation:
For α-components of the antisymmetric field we also have the Bianchi identity:
The equation of motion for the dilaton has the form
In order to get rid of exponents in the above expressions for the energy-momentum tensor we impose the following relations:
2χ + 2sB + βφ = 0,
2C − 2qA − αφ = 0.
and we also have qA + rF + sB = 0.
Then the tensor G MN (9) will have the form Substituting these expresions into (75) we get a relation on α and β αβ = 2qs q + r + s
and an expression for h h = ± 4(q + r + s) α 2 (q + r + s) + 2q(s + r) ,
Substituting these expresions into (76) we get the same relation on α and β as before as well as k = ± 2α(q + r + s) s[2α 2 (q + r)(q + r + s) + 4q 2 s]
By straitforward calculations one can check that the non-diagonal part of the Einstein equation is also satisfied under above conditions.
To summarize, the action (47) has the solution of the form (48) expressed in terms of two harmonic functions H 1 and H 2 if the parameters in the action are related by (91) and the parameters in the Ansatz h and k are given by (92),(93).
Conclusion
In conclusion, we have discribed multi-block p-brane solutions for high dimensional gravity interacting with matter. We have assumed the "electric" ansatz for the field and used "no-force" conditions for local fields (14) together with the harmonic gauge condition (4) to reduce the system of differential equations to a system of non-linear algebraic equations. The found solutions support a picture in which an extremal pbrane can be viewed as a composite of 'constituent' branes, each of the latter possessing a corresponding charge.
